In this paper we investigate near-rings of polynomials and polynomial functions. After some results which belong to universal algebra we turn our attention to the familiar case of polynomials and polynomial functions over a commutative ring with identity. We study the relation between ring-and near-ring homomorphisms, and the behaviour of polynomial near-rings when the ring splits into a direct sum. A discussion of the structure of these polynomial near-rings (radical, semisimplicity) finishes this paper. These investigations are motivated by Clay and Doi (1973) . 
Some general concepts and results

DEFINITION. Let A =(A,
(b) C{A) = {/e M(A)\'for all congruence relations = on A we have that a = b=>f(a) =f{b) for all a, be A). The functions in C(A) are said to be compatible.
(c) Let P(A) be the subalgebra of M(A) generated by id^ and the constant functions. The elements in there are called polynomial functions. Let P C (A) be the set of all constant maps in P(A). Let A[x~] be the algebra of polynomials in one indeterminate x over A as defined in Lausch and Nobauer (1973) (if we want to specify the variety V of which A is taken then we write more precisely 04 [x] , V). For all on polynomials see Lausch and Nobauer (1973) . Again, if A happens to be an ft-group then A[_x~] is a nearring with respect to addition and substitution. A [x~] can be viewed as the free union of A and the free algebra over {x} in V.
For later applications we compare polynomials in A and in (sub)direct components. Generalizing results of Lausch and Nobauer (1973) and Nobauer (1976) Also, the map /-»(... ,/;,••) is a monomorphism (see Lausch and Nobauer (1973), Ch. 3, 3.53) . After this general discussion we concentrate our attention to the much more familiar case of commutative rings with identity.
Homomorphisms between (near-) rings of polynomials and polynomial functions
In all that follows (unless otherwise specified) let R,R 1 ,R 2 >--be commutative rings with identity 1. In this case we get from Lausch and Nobauer (1973) (Results no. 1, 4.5; 3, 3.11; 3, 3.21; 3, 3.61) and Nobauer (1976) or from So (1977) Since O is also a ring homomorphism, = (O(x))", and from that we get our result.
2.5 REMARK. One can improve 2.1(c) by
(as near-rings). See So (1977) .
3-
Now we study the polynomial functions from the residue-class rings Z n into itself. If n = p*
( 1 ) -pj ( r ) then Z n s Z p , w >0-..©Z p ,.,«r> and hence by 2.1(c)
This reduces our attention to near-rings of the type P(Z pk ).
If k = 1 we know that Z p is a finite field and all functions Z p ->Z p are polynomial functions by Lausch and Nobauer (1973) ; so P(Z P ) = M(Z p ). If the situation becomes much more complicated. Of course, P(Z n ) is in C(ZJ = {/evl/(Z n )/for all /^Z n , i e / a n d *eZ n we have/(/+/)-f(t)el}.
By the way, functions which fulfil/(/•+/)-f(r)el for all re^? and i e / (for some ideal 7^i i?) are called I-loyal. The set of all /-loyal functions forim a composition ring Q(/?) between C(i?) and M(/?) and C(R) = fl/aR Q(^)-/-loyal functions are studied in So (1977) .
Returning to P(Z pk ): its cardinal number is studied, for example, in Kempner (1921) , Keller and Olson (1968) , Muller and Eigenthaler (1979) and Nobauer (1974) ; the first explicit descriptions can be found in Kempner (1921) .
We give the following descriptions, taken from So (1977) . The basic idea is the following: Find in Z n [;c] the polynomials of lowest degree (normed and not normed) which induce the zero function in P(ZJ. The remaining polynomials of smaller degree can be shown to yield exactly all different elements of P(Z n ).
This gives a possibility to describe their number as well as to characterize P(Z n ) in several cases. One more remark: if n is the product of distinct primes then P ( Z J = C(ZJ by 2.1 (for instance).
3.1 EXAMPLES. Let p> 2 be a prime. 
THEOREM. Let R -@ «=/ ^,-Then every R-subgroup S of R[_x\ or P(R) is (in the group-theoretical sense) the direct sum of R r subgroups of R t [x] (/>(/?,)), respectively).
The proof is accomplished by using the fact that both R [x] and P(R) are nearrings with identity.
COROLLARY. In the situation as in 4.4, S is maximal if and only ifS is of the form S = S l ®®j* l R j [x] (or S = S i ®®j^iP(R j )), where S f is a maximal R r subgroup in Ri\_x~] (P(R^), respectively).
4.6 REMARK. The last two results remain true if "/^-subgroup" is changed into "/f 0 [x]-subgroup" (/^(/Q-subgroup, respectively) or into "left ideal". Here, R o [JC] and P 0 (R) denote the zero-symmetric parts of R[x2 and P(R), respectively.
Radicals of polynomial near-rings
Again, we adopt the notations and results of Pilz (1977) . Since /?[*] has an identity, 3 i (^M ) = 32(^W)-We get an upper bound for these radicals: , available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700020930
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Near Rings of Polynomials 67 PROOF. By 7.94 of Pilz (1977) , the left ideals of/f[x] are under these assumptions just the ring-ideals; the maximal ones are those (ring-)ideals which are generated by irreducible polynomials. But their intersection is zero.
To handle the case of characteristic 2 to some extent, we have to consider when R 0 [x] happens to be a ring. (R) ) is the "Jacobson-radical" of the P 0 (R)-module P C (R) (which is isomorphic to R itself), namely the intersection of all maximal submodules.
PROOF. This result follows immediately from 5.8 and Theorem 9.77 of Pilz (1977) .
We close our considerations by a result which can be deduced from 4.5 and 4.6 as is done for 3 2 in Pilz (1977) . This follows from 5.10 and the fact that for prime p
